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We shall consider in the following linear problems of free vibrations and
stability of thin elastic shells. The ultimate aim is an investigation
concerning asymptotic behavior of eigenvalues depending on the density
and configuration of the nodal lines of the eigenfunctions.

1. It has been shown [1 ] that in many cases an approximate determina-
tion of the states of stress and strain of a thin elastic shell can be
achieved by integration of the system of equations

L (C) — a®R*>N (2EhW) 4+ Z =0 (o e )
0=
L 2ERW) + N (C) = 0 SRE(T— &) (1.1)

where C denotes a stress function in terms of which we can easily express
the stress resultants of the shell; W is the normal deflection, while R
is a certain characteristic curvature radius; Z is the normal component
of the external surface loading; L and N are differential operators de-

fined by

1 8 B 1 @2 a A1 d
L= 4535 F9a T 38 5 £.55)
1 B 0 a A 9
N=88,  8=y5(Gr 73+ 555 )

Equations (1.1) are based upon the assumption that the middle surface
of the shell is referred to the curvature lines and that the first quad-
ratic form of the surface can be represented by the formula

I = A%do® + B%dp?
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R, and R, are the principal radii of curvature, and it is assumed that
the coefficients appearing in L and N are bounded in the region consider-

ed.

Starting from (1.1) we can construct approximate expressions for the
states of stress and strain of the shell in such cases when their vari-
ability is sufficiently large. It will be shown in the following that
this is sufficient for the present investigation.

2. In problems on vibrations and static and dynamic stability we have

to put
2
Z=— 2 T EWW) + (g0 + q) M (2ERW) 2.1}

where m is the mass of the unit area of the shell, while

1818,16A6 (1018 1 B 0
M—T1<ZEZEET——A325§5§3+T2 FREEF R T AL )T
LS (1 o1t 9 1 %_‘9_)_5 (J__a_ﬂ__a_ 1 9B o
THMINAd 54 B B A%B 3B Oa 2 BaaAax“ABzauag)

We assume that:

a) the shell is acted upon by some surface loading whose intensity is
determined by the quantity g, + q,, where g, is a constant and q,
is a variable (with respect to time) component of the loading;

b) sufficiently small values of g, + g; produce in the shell a state
of membrane stresses defined by the values of the tangential stress
resultants

T1° = 2Eh (g0 + g1 T, Ts® = 2Eh (g0 + q1) T
51° = 2Eh (g0 + q1) S, S2° = 2Eh (qo + q1) Sz

where T}, T,, S,, S, are given functions of a, 8. We omit here, as is
often done, the tangential components of the inertia forces in problems
of stability and those of the additional reduced loading in problems of
dynamics.

3. Let us apply Galerkin’s method to the solution of the system (1.1),
(2.1). To this end we substitute

C = qc, 2ERW = Lw (3.1)

where ¢, v are given functions, while y, { are unknown numbers (in prob-
lems of static stability) or unknown functions of t (in problems of
vibrations and dynamic stability), Multiplying the first of Equations
(1.1) by v and the second by ¢ and integrating the equalities obtained,
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we get equations for the determination of y and (:
TSSL (c)wAB da dp — a?R?L SXN (w) wABdadp —

— 3EF o SSWAB dadf + (g4 g1 & S&M W)wABdadp =0 (3.2

TSRN (c)cAB dadf + CSSL(w) cABdadp =0

4. Substituting q, + g, = 0 in (3.2) and replacing y, ¢ by y cos wt
and { cos wt, respectively, we find for the frequency of free vibrations
of the shell the formula

m _ g0 1 820271 R?
s 0r =k S (K ") (4.1)

where k is, for the case of a thin shell, a large parameter:

k= (—;;—) : (t>0) (4.2)

(r is an arbitrary positive number), while I, n and v’ are numbers de-
fined by the formulas

Kl = SX L (c) wABda dB SS (w) cABda df
Kn = Sx w) wAB da dp RSN (¢) cAB da dp (4.3)
Kty = Sg (c) cAB da.dB SSuﬂAB da dp

We use, on the left-hand sides of (4.3), various powers of the para-
meter k as factors for the purpose of convenience in the subsequent pre-
sentation; p is, for the time being, an arbitrary number.

Analogously, substituting g, = 0 in (3.2) and assuming that y, { are
independent of ¢, we find for the critical value g, in the problem of
static stability the formula

—x— 1 —op—a/t R2
go= KL (14 K% s— ") (h.4)

where, in addition to (4.3), we use the notation
Kty = SSN (c) cAB da dp SS M (w) wAB da dp (4.5)

while x is, for the time being, an arbitrary number,

We can derive without difficulty the differential equation of dynamic
stability as well. Following Bolotin [2 ], we write it in the form
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ax

E2__{_m(,2<1__’]o‘*“1¢

%’

Jo=0

where w° and q,° are the values of the numbers » and q, determined by
Formulas (4.1) and (4.4). In the following we confine ourselves to an
analysis of Formulas (4.1) and (4.4), although the method of investiga-
tion is applicable to a study of the properties of the equation of
dynamic stability as well.

9. Starting from Formulas (3.1), we write

¢ =cy [r_cosk (fy — f,) —r.cosk(f; + fy)] (5.1)
w=uw, [cos k (f1 — f2) — cos k'(fL + f2)]

where ¢, v, f,, f,, r_, r_ are functions of a, B which are left to our
choice, vhile & is the large parameter (4.2). Prescribing for v, and c,

the conditions

w, >0, ¢, >0 (5.2)

we consider the properties of the states of stress and strain D, deter-
mined by Formulas (3.1), (5.1). Taking (5.2) into account and noting
that

cos k(fy — Jo) — cos k(f; + f5) = 2sin kf, sin kf,

we conclude that the nodal lines of D (lines along which w = 0) can be
represented only by level lines of the functions f; and f,. Thus, having
chosen f, and f, in an appropriate manner, the result can be achieved
that D will have two systems of nodal lines, each belonging to some
family of curves prescribed in advance, These two families can be also
reduced to one. To this end it is necessary, for example*, to assume

fa = const # (n/m)k. The density of the nodal lines of D will increase
with increasing k, i.e. with increasing r at a given h/R. We shall call

* The number of the families of nodal lines can be reduced to one in
another way also, namely, starting from the assumption that the level
lines of the functions f, and f, coincide, i.e. that there is a mutual
functional dependence between f, and f,. In the interest of definite-
ness we shall use the method given in the text. This involves, in
particular, exclusion of the possibility that the equalities

fi + fo=const, f1— fo=con:t

may be fulfilled at all points of the region considered.
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the number r, as in problems of static equilibrium of shells [1], the
index of variability.

So we see that a proper choice of f, and f, permits us to obtain a
state of stress and strain (3.1), (5.1) having two (or one) systems of
nodal lines belonging to two (or one) families of curves prescribed in
advance; a proper choice of the index r of variability permits at fixed
f; and f,, the density of the nodal lines to be intensified or reduced;
finally, a suitable choice of ¢, w, permits the boundary conditions of
the problem (which are supposed to be homogeneous) to be satisfied, pro-
vided that the conditions (5.2) remain valid and that the nodal lines
are not changed.

With the aid of (3.1), (5.1) we can obtain a net of nodal lines of
any desired density without requiring that f,, f,, c,, w, have a large
variability. Therefore we assume that the functions fir fq, v, ¢, T_,
r, can be chosen in such a way that their variability does not become
too large and that ¢ and v approximate sufficiently, in the sense of
proximity of the integrals (4.3), (4.5), some solution of Equations (1.1),
(2.1). At such a choice of fl, fq w,, ., T_, T, Formulas (4.1) and
(4.4) will yield values of «® and qo sufficiently near to the exact
values. The assumption introduced will be justified if the following two
assumptions are justified:

a) w can be approximated, in the way just indicated, by means of the

second of the formulas (5.1) after a suitable choice of f;, f,, w;

b) r_, r, and c¢_ can be selected in such a way that at a chosen w the
first of the formulas (5.1) gives a sufficient approximation of c.

The assumption (a) can be regarded as justified by the considerations
presented in this section. The assumption (b) will be discussed below.

6. The problem now consists in the derivation of asymptotic (for
k > =) expressions for the integrals (4.3), (4.5) under the assumption
that ¢ and v are of the form (5.1). It is easy to ascertain the validity
of the formula

Pa)y=—FkK® [Pora,cosk(f; — f) — Po*roa, cos k (f; + fo)] —
— k [Py (re,) sink (fi — fo) — Py (r,a,) sink (f, + )] +  (6.1)
+ [P, (r_a,) cos k (f; — fo) — P, (r,a,) cos k (f, + f,)]

where P is an operator of the second order, which may represent L or ¥;

a is a function of the form (5.1), which may represent ¢ or w (if a is
identified with w, then each of the quantities r_ and r, must be replaced
by unity). The other notations in (6.1) are as follows:



1082 A.L. Gol’denveizer

Lo= /11‘11?2< )+Bzﬁl<aﬁf’>)

2 af 2 2 6f a 1 62f 1 0%*f
Li= 5,50 5 + PRy BZR 96 38 T &R, 2 T BR oF T (6.2)
9 (BNO , 1 0 (AN _
+ 45 AB P (AR2> 3 T E%(ﬁ) B Lo =L
1 /of af 1 of 1 df _
AM0=T171§(“8§> —{-sz;?(;ﬁ) +(Sl"S2)71_—aE—1—3_79T3" M= M

(The formula for M, is not written down, since it will not be needed);

PF = Pjli—t,es, (6.3
The corresponding formula for the operator N is of the form

N (a) = k* [No'r_a, cosk (f; — f,) —No'r,a, cos k (f, + f2)1 + ... (6.4)

where
Ny =[1 ( ) + ;(gé\)z] Ni* = Njlir, (6.9)

while the points represent terms with factors of the form k®, where
s < 4.

7. The following remarks concerning the formulas of Section 6 will be
useful in the following.

The expressions P.t and N.! are linear differential operators with
respect to the independent variables a, $; their order is indicated by
their subscripts. In particular, POi and Noi are operators of the order
zero; they are, in other words, expressions free of symbols of deriva-
tives; therefore, the quantities following POi and NOi in (6.1) and
(6.4) are not enclosed in parentheses.

The coefficients of P.* and N.* depend on the function f, which in
turn equals elther fi - f2, or f; + f,, depending on the superscript.
Exceptions are P and N (a case in which the subscript equals the
order of the or1g1nal operator) The function f does not appear in P
and N . Therefore the signs (plus) and (minus) are omitted at P, in
(6. 1), since these signs indicate what is meant by f.

The first formula (6.5) shows that N, is a positive quantity for any
arbitrary surface, no matter what the 31gn of its Gaussian curvature K
may be (here and in the following we disregard the uninteresting case
that f, and f, are constants).

Let us consider the question concerning the sign of the expression L,,
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defined by (6.2).

If K> 0, then it can be assumed that R, and R, are positive, and L,
will be a positive quantity.

If K= 0, then, to fix the ideas, we assume R| = =; this leads to

In general R, can change its sign (e.g. in the case of a cylindrical
shell, whose cross-section has a point of inflexion); such cases are,
however, excluded from consideration here and everywhere in the follow-
ing. Then we can assume that R, > 0, and then, in the case of K= 0, L,
will be a non-negative quantity. The first and the third of the formulas
(6.2) show that the identity L, = 0 leads then to the identity L; = 0.

If K< 0, then R, and R, will be of different sign in the first of
Formulas (6.2), and it becomes impossible to make any definite statements
regarding the sign of L,.

8. We now turn to a discussion of the assumption (b) formulated at
the end of Section 5. Suppose the preceding assumption (a) is correct and
a proper choice of v, f,, f, in Formulas (5.1) and (3.1) leads to a
sufficient approximation for w. Then we can try to find the stress func-
tion ¢ with the aid of the second equation of the system (1.1) and com-
pare the result with the one which can be obtained by a proper selection
of ¢, r_, r, in Formulas (5.1) and (3.1). Let us carry out, in an
approximate manner, the computations involved, considering the parameter
k to be arbitrarily large and keeping in all expressions only the terms
with the highest powers of k (in such calculations we shall replace here
and in the following the equality sign by the sign =).

According to (3.1) and (6.4) we have
N (C) = Ktye, [r_No cosk (fr — fo)y — r.Ny* cos k (f, + fo)] (8.1)
The quantities c¢,, r_ and r_ can be considered to differ from zero.
In addition, it has been shown in Section 7 that No+ and N,” are positive.

Therefore the coefficients of cos k(f, - f2) and cos k(f1 + fy) on the
right-hand side of (8.1) are definitely non-vanishing.

For the principal part of L(2Eh W) we obtain, with the aid of (6.1):

in the case that Ly and Lo+ differ from zero:

L QERW) ~ ktw, (Lo cos k (fs — f2) — Lo* cos k (f1 + f2)]  (8.2)
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in the case that Ly~ = Lo+ = 0, while L;” and L1+ differ from zero:
L 2ERW)Y =~ — kT [L1™ (w,) sink (fi — f2) — L1* (w,) sin k (f1 + f2)1 (8.3}

in the case that L~ = LO+ =L = Ll"' = 0:

L 2QERW) = [ [L2 (w,) cos k (fr — f2) — L2 (w,) cos k (f1 + f2)]1  (8.4)

It follows from the remarks made in Section 7 that (8.2) always
applies to a shell of positive curvature, while (8.2) and (8.4) are
possible for a shell of zero curvature; Formula (8.3) can be valid only
for a shell of negative curvature.

Replacing in the second of equations (1.1) N(C) by the approximate
expression (8.1), and L(2Eh W) by the approximate expression (8.2) or
(8.4), we can satisfy the obtained equations, after having chosen .o
r_, r, in that equality in such a manner as to make vanish the coeffi-
cients of cos k(f; — f,) and of cos k(f, + f,) separately. This shows
that the assumption (b) can be considered valid in all cases except,
perhaps, the case when the middle surface of the shell has negative

curvature.

Note. It is easily seen that if the curvature of the middle surface
is positive, and also 1f the curvature of the middle surface equals zero
but the functions f, and f, are chosen in such a way that L0+ and Lo-
differ from zero, the quantities r_ and r, will have the same sign.

9. Consider the relations
SS(P (a, B) cos kf (a, B) dadp = k1H (@)
9.
Sgop (a, B) sin kf (o, B) dadp = k1H (g) (fs=const) (9.1)

where H is a certain (varying from case to case) functional of ¢ bounded
as k » =, Of course, at ¢ = 0 also H(¢p) = 0, but the latter equality may
take place also at ¢ # 0.

We shall prove the relations (9.1) with the simplifying assumption
that f ” # 0 everywhere in the region. Then, using for the sake of de-
finiteness the first of the relations (9.1), we may write

qu} (@, B) cos kf (a, p) da df = %SS %% sin kf (o, B) da dB

Integration by parts gives
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SScp (a, B) cos kf (a, B) = % 2,(02;"3)3) sin if (a, B) ds —

1 o[ ¢(a, B) .
- ﬂﬂm[m @ 5 sin ki (@, B) dadp
Both the area integral and the integral around the boundary line of

the region are finite (if certain obvious conditions are fulfilled for
the functions ¢ and f), and the proof is completed.

From (9.1) we derive the formulas

S%(p (@, B) cos kf (a, B) cos kg (a, B) dadp = (9.2)
=3 {0 @B lcos k (f — g) + cos k (f + )] dudp =
z{éggcp(a, B)dadp + k- H (9) when/ =g oF [=—¢
k-t H (¢p)when f — g =+ const and f -+ g =~ const

qu; (@, B) cos kf (o, B) sin kg (a, p) dadp = kH (g) (9.3)
when f — g=~const, [ 4 g =~ const

Note. The cases f — g = const or f + g = const are of no interest, as
implied in the footnote “of Section 5.

10. Formulas (9.2) and (9.3) permit the principal parts (at k » «) of
the integrals appearing in (4.3) and (4.5) to be easily computed.

Taking into consideration the fact that N and No+ are positive at
all points of the region, we obtain

S&N w)wAB dadp =% Sg [No~ -+ No*1w,2AB da dp
SSN (c) cABdadp ~ % SS [r_®No~ + r,2No*] c,24ABdadp (10.1)
SngAB dodB ~ ggw,}AB do dB
Furthermore, we have the approximate equalities
ggL (¢) wAB da df ~ SSL (w) cAB da dp ~
~— 2 QS (L + Lo'r,] cow,AB da df (10.2)

which are valid only under the condition that
KS (Lor_ + Lo'r,) c,w,AB dodf = 0 (10.3)
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If (10.3) is violated in consequence of the condition that at all
points of the region under consideration the equalities

L()- = L0+ == 0 (10.4)
are fulfilled, then instead of (10.2) we will have
&SL (¢) wABdadp = Q,, SSL (w) cABdadp = Qs (10.5)

Here Q,, Q, are quantities which remain finite at k » . In particular,
if in addition to (10.4) the equalities

L=L~=0 (10.6!

are fulfilled, the relations (10.5) assume the form

QSL (QwABda B~ 3 RSLZ (r_ce + r,6,) w,AB da dp
- - (10.7)

SSL (w) cAB da dp ~ %SRL (wy) (r.ce + 7,0,) AB da df

If, however, (10.3) is violated, while L, and Lo+ are not identically
equal to zero, then instead of (10.2) we will, in general, obtain formu-
las of the form

SSL (c) wAB da dp ~ kE;, SQL W) cABdodp = kEs (10.8)

where E, and E, are quantities which remain finite when k - .

Comparing (10.1), (10.2), (10.5) and (10.8) with Formulas (4.3), we
can conclude that in (4.3) we may consider !, n and v’ as representing
quantities which remain finite at k » =, provided that p is chosen cor-
respondingly. Specifically, we must have p = 2 if the condition (10.3)
is fulfilled, and p = 0 if Equations (10.4) are valid in the entire
region considered. If the relations (10.3) and (10.4) are invalid simul-
taneously, then, in general, we will have to put p = 1; cases, however,
are possible when p = 0.

In the same way we can verify that in (4.5) we have to put y = 2 if
SS (Mo~ + Mo* 1 w?ABdadB = 0 (10.9)
and ¥ = 0 if everywhere in the region considered
Moy =Mo" =0 (10.10)

and finally ¥ = 1 or x = 0 if both (10.9) and (10.10) are invalid.
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11. Let us consider the conditions under which the relations (10.3)
and (10.4) are fulfilled.

If the curvature of the middle surface of the shell is positive, then
L0+, Ly, r, r, are positive quantities (see Sections 7 and 8). It has
been assumed, further, that c,, W, are non-negative and, of course, not
identically equal to zero. Thus for a shell of positive curvature the

relation (10.3) is always fulfilled.

If the curvature of the middle surface equals zero, then L, , Lo+ are
non-negative quantities (Section 7). It has been shown, further, that
the identity L; = O entails the identity L; = 0 and, finally, that r_
and r,_ have the same sign if Lo+ and L,” differ from zero. This leads to
the conclusion that the relation (10.3) can become invalid in the case
under consideration only if Equations (10.4) and (10.6) are fulfilled at
every point. The equalities (10.4), if expanded, can be written in the
form

B

R O

dh af: 2
£+W] =0
These equalities are fulfilled only in the case that

0fr __0fs _
da T da =0

Since the possibility of a mutual functional dependence between f,
and f, is excluded, the relations (10.3) will have to be satisfied under
the condition f, = f,(B), f, = const (or f; = const, f, = f,(B)).

So we see that in the case of a shell of zero curvature the relations
(10.3) are not fulfilled then and only then, when the state of stress and
strain (3.1), (5.1) has only one system of nodal lines, consisting of the
lines B = const, i.e. of asymptotic lines (rectilinear generators) of the
middle surface. In this case we have to set p = 0. In all other cases the
condition (10.3) is fulfilled and we have to set p = 2, as in the case
of a shell of positive curvature.

If the curvature of the middle surface of the shell is negative, no-
thing definite can be stated about the sign of L; in general, and the
question concerning the choice of values for p becomes more complicated.
Therefore, shells of negative curvature are excluded from consideration
in the following. This excludes also the consideration of the cases when
p = 1, since such cases can occur neither for shells of positive curva-
ture nor for shells of zero curvature (if, as assumed, the sign of R,
does not change in the latter).

12. We now return to Formula (4.1) in order to investigate with its
aid the asymptotic behavior of the frequencies of free vibrations of the
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shell, assuming that the index of variability r is positive so that the
parameter k is arbitrarily large at a sufficiently small value of h/R.
Keeping in (4.1) only the principal parts (as k » =) we find

m )

2 o k24
wﬂ)Nk v for 1< 1,
Tt et L (l + - n) forti=-1 (12.1)
2Eh v’ 3(1—a) °
Mmoo a2 A or T =
T ~k A1) v for T > 1,

where 7, is a number defined by the formula

1

TO=_4_p

(12.2)

which we shall call the characteristic value of the index of variability
7. We note that r; is determined by p, which can assume only three values
(2; 1; 0); correspondingly, there are only three characteristic values of
the index of variability, namely 1/2; 1/3; 1/4. These values of the index
of variability play a particular role also in problems of static equi-
librium in the theory of shells [3 ].Taking (4.2) into account we may
write

1 )(4——2p)t

J2e—4 — (W , Joa—2ht — (%)2_“ (12.3)

We conclude from this result that, according to (12.1), «? decreases
with increasing r, or (for p = 2) &? does not increase as long as r re-
mains below its characteristic value r;; when r exceeds the value r g, W
starts increasing with increasing r.

Now consider the case p = 2, which always occurs in a shell of positive
curvature (Section 11); in a shell of zero curvature the case indicated
occurs when the system of nodal lines includes at least one family of
lines non-coinciding with the rectilinear generators.

According to the first formula (12.1), the frequency of free vibra-
tions will remain, in the cases enumerated above, commensurate with
(h/R)° as long as r < 7, = 1/2, so that within certain limits the in-
crease of r is not accompanied by essential increase of the frequencies
of the free vibrations. Then at 7 > r = 1/2 the frequencies of the free
vibrations essentially increase, according to the third formula (12.1),
with the increase of r according to the law (H/R)?~ *7. The question as
to at what value of the index of variability r the vibration frequency
may become a minimum requires in the present case a more detailed study,
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Now let p = 0. This value will be assumed by p in the case that a
shell of zero curvature undergoes vibrations with one family of nodal
lines running along rectilinear generators.

Formulas (12.1) and (12.3) show in this case that as long as 7 <r =
1/4 the frequencies of free vibrations will be commensurate with (h/R)*7,
i.e. they will decrease with increasing index of variability r. At 7 >«
the frequencies of the free vibrations are commensurate with (h/R)2— %
and they increase with increasing 7. The characteristic value 7 = 1/4
is in correspondence with the minimum frequency. The latter is commensurate
with (h/R)1, being thus essentially lower (at arbitrarily small values of
h/R) than the lowest frequency that can be obtained at vibrations of a
shell of zero curvature in the case p = 2, i.e. in the case that there 1is
at least one family of nodal lines not running along rectilinear gener-
ators.

It should be kept in mind that the increase of the index of variability
indicates an increase in the number of nodal lines. Consequently, we have
before us an inversion typical for problems of the theory of shells: de-
crease of eigenvalues with increase in the number of nodal lines. This
takes place only until a certain limit — until the index of variability
reaches its characteristic value, after which the usual course becomes
restored: increase of the eigenvalues at increasing number of nodal lines.

13. We now turn to an analysis of Formula (4.4). Keeping on its right-
hand side the principal parts (for k » «) only, we obtain

i
Qo == kPp—x 4 — for 1< T,

2 1
Go =~ fep—x—1 (l + —3(—1[{———67) n) > for T=T

R? n

o~ fet—x—2fr
go==k 3(1—o%) v

fort > 1,
where 7, the characteristic index of variability, has the same meaning
as in Section 12. The parameter k is determined by (4.2). Hence

B \2—(a—x)c

h \(a+x—2p)t
4a—x—2/t — {
> ok (11)

k2p—X% 4:(-1?
where p and y can assume the values 0; 1; 2 only. This leads to the con-
clusion that with r increasing k% =X~ % either decreases or (when p = 2,
x = 0) maintains its values, while k4~ X~ 2/T always increases with in-
creasing r. This in turn shows that (qo)
quantity

win will be commensurate with the

e, — (RYTOT %‘)* (r=2— IEE) (13.1)
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The corresponding value of g, will be reached at r = r; (except in
the case p = 2, ¥ = 0, which it is not necessary to consider, as will be-
come evident below).

A question of interest is that concerning the minimum value of the
critical force in problems of stability; it is therefore necessary to
establish the conditions under which the exponent A in (13.1) reaches its
maximum value; its values are given here in the numerical table for
p=2;1,0, and x=2; 1; 0.

Consider a shell of posi-

tive curvature. We then have y=2 =1 —0
p = 2 independently of the =
distribution of the nodal '

N p=2 1 /2 0
lines of the form of loss of o—1 ., 1 )y
stability. It is obvious that 00 %2 5, f
the configuration of these

lines can always be chosen in

such a way as to have the con-

ditions (10.9), (10.10) either fulfilled, or violated, i.e. so as to

have for X the required value. Consequently, the configuration of the
nodal lines must be subjected to the requirement that for given Tl, T,,
Sy, Sy the condition (10.9) be fulfilled, which entails the equality

X = 2, since then A assumes the maximum value possible at p = 2, namely
the value 1. Hence, in particular, the conclusion that the case p = 2 and
¥ = 0 is of no interest.

Now let the curvature of the shell be zero. Then forms of loss of
stability will exist at which p = 0. It will be a loss of stability with
one family of nodal lines coinciding with the rectilinear generators.

The numerical table shows, however, that for p = 0 the values of A are
not smaller than 1 and that they become equal to 1 only for x = 0. At the
same time, the equality p = 0 is realized only at a completely definite
configuration of nodal lines on which it is impossible to impose addi-
tional conditions, as in the case of a shell of positive curvature. There-
for, two cases are possible for a shell of zero curvature:

Case 1. At a given pre-critical state of stress (T}, T,, S,, S,) there
are such f,, f,, corresponding to loss of stability with one family of
nodal lines running along rectilinear generators, for which the condition

(10.9) is fulfilled.

Case 2. At a given pre-critical state of stress (Tl' T,, S, Sz) with
arbitrary f,, f, gorresponding to loss of stability with one family of
nodal lines rumning along rectilinear generators, the condition (10.9)
is violated and the condition (10.10) is fulfilled.
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In Case 1, loss of stability will take place with one family of nodal
lines running along rectilinear generators; the critical value g, will
then be commensurate with (h/R)3/2, while the index of variability will
be equal to 1/4. This follows from the fact that f;, f, can be chosen in
the case under consideration in such a way as to have p = 0 and x = 2,
for which, according to the table of A-values, A assumes its maximum
value equal to 3/2. Case 1 is exemplified by the problem of a cylindrical
shell acted upon by external pressure. The pre-critical state of stress
will be as follows:

T, =81 =8 =0, T <0

Consequently
1 /0f\2
My =T» 5 (55)
In order to have the nodal lines coincide with the rectilinear gener-
ators, the functions f, and f, must be chosen, for example, as follows:

fi= fl(B), fo = const. Then

My =T () Mo =Tu g (PR

and the condition (10.9) is definitely fulfilled.

In Case 2 we select the functions f, and f, in such a way that the
nodal lines run along the rectilinear generators, which leads to p = 0
and ¥ = 0. This is in correspondence with A = 1 in our table of A-values.
The same A-value is obtained for p = 2, i.e. for the case when the nodal
lines have arbitrary configuration, except only that which violates the
condition (10.9). This means that in Case 2 the coincidence of the nodal
lines with the rectilinear generators does not lead to an essential de-
crease of the critical load. An example for Case 2 is offered by a
cylindrical shell under axial compression. In this case we have

T1<0, Ta=8 =358 =0

from which

Mo=Ti (@), Mo=Tim(G—%) M =Tim(m+%)

Selecting f, and f, in the same manner as in the preceding example,
we find that the equality (10.10) is always fulfilled.

14. Examining the table of A-values once more, one may notice the
following possibility: by selecting, in the case of a shell of zero
curvature, f, and f, in such a way that the nodal lines of the form of
loss of stability run along the rectilinear generators, we can reach in
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some cases a dual effect. This will happen when simultaneously with the
equations

Lot =Lo =0 (14.1)

the equations
Midf=My=0 (14.2)

are also fulfilled. In this case we obtain, firstly, p = 0 instead of

p = 2 by virtue of (14.1), which leads to an increase of A, and, second-
ly, x = 0 instead of y = 2 by virtue of (14.2), which leads to a decrease
of A.

Loss of stability takes place at maximum A, and the question arises
whether it is not necessary to choose f,, f, in such a way as to have
the equalities (14.1) fulfilled not exactly, but with a certain degree
of approximation.

As an example we consider the case of a cylindrical shell twisted by
shear forces. The pre-critical state will be determined by

T, =T:=0, S1= —S2=8 = const =0

from which
- 25 afl 6}‘2 3]1 0f2 +_—2ﬁ ?_fl % ?—h_ %\
=ZB<%—BE)(EE_BB)’ M, _AB<6a+ m)(aa F ag)
Further, we have

11 B Bfa\? + 1 1 (3fi | 0fs\2

L=gpm(m—% L =2n(G"Ts)
It is easily seen that by choosing f, = const and f; = f,(8), i.e. by

identifying the nodal lines with the rectilinear generators, we obtain

p=0, x=0, so that A will be equal to 1. On the other hand, by taking
fa = comst, f1 =fit (B) + £7'fi? (a, B)

i.e. by securing small deviation of the nodal lines from the rectilinear
generators, we obtain

My = My = 1 2592202 L (it

= — T = +:‘_2—————
AB 3a 33 °’ Ly=Li" =k * R,

da

from which p = 0, ¥ = 1, and the value of A increases from 1 to 5/4.

15. The present paper achieves an analysis of the asymptotic proper-
ties of eigenvalues in problems of the theory of shells, deriving the
laws which become valid starting from a certain sufficiently small value
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of (h/R), of the parameter h/R and are the more pronounced the smaller
this parameter. The order of smallness of (h/R), will vary from problem
to problem. It depends on such parameters of the problem as, for example,
the length of the shell, the ratio of the radii of curvature, the charac-
teristics of the variability of the coefficients of Equations (1.1) from
point to point, etc. The results presented above have then a sense of
reality when the order of magnitude of (h/R); remains within the limits
encountered in practical conditions. This means that the parameters
enumerated above must have values not too large and not too small.

In a doctoral dissertation of 1950 ("On the Equilibrium of Thin
Elastic Shells at the Post-Critical Stage*) by N.A. Alumiae the asymp-
totic behavior of critical loads, with the influence of some of the
aforementioned parameters taken into account, was investigated with the
aid of some other methods. Whenever a comparison was possible, the results
obtained by Alumiae coincide with those presented above. Also, the study
presented here does not claim completeness, inasmuch as cases were ex-
cluded from consideration when the coefficients of Equations (1.1) assume
infinitely large values in the domain that is of interest to us, e.g. at
the apex of a cone, along the circle which on a torus separates the zones
of positive and negative curvatures from each other, etc. It should be
noted, further, that we have excluded from consideration shells of nega-
tive curvature as well as such shells of zero curvature on which the non-
vanishing curvature changes its sign. The method of investigation 1is
based upon the assumption that the parameter k is large. Therefore, the
condition that the index of variability r be large will be essential. To
extend the obtained results to the case r = 0 will be possible only by
extrapolation. In this sense, the statement, for example, according to
which (see Section 12) the frequency of free vibrations of shells of
positive curvature remains commensurate with (h/R)°, as long asrt <r, =
1/2 (with the value r = 0 included by extrapolation) is a conditional
statement.

In conclusion, we note that the domain of applicability of the original
equations (1.1) is also determined by the requirement that the index of
variability of the desired states of stress and strain be positive. There-
fore, it would not make any sense to replace (1.1) by exact equations,
since then even the method of investigation would become inapplicable.
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